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Abstract 

Let r € C be a complex number, and d £ Z>2 a positive integer greater than 
or equal to 2. Ashihara and Miyamoto introduced a vertex operator algebra Vj of 
central charge dr, whose Griess algebra is isomorphic to the simple Jordan algebra 
of symmetric matrices of size d. In this paper, we prove that the vertex operator 
algebra Vj is simple if and only if r is not an integer. Further, in the case that 
r is an integer (i.e., Vj is not simple), we give a generator system of the maximal 
proper ideal Ir of the VOA Vj explicitly. 

1 Introduction. 

Let V = 0„gz>o be a vertex operator algebra (VOA for short) over the field C of 
complex numbers with Y{- , z) : V ^ (End V")[[z, 2;"-'^]] the vertex operator. As usual, 
for each t> G we define Vm G Endy, m G Z, by: Y{y, z) = J2mez'^mZ~"^~^ . It 
follows from the axiom of a VOA that V2 becomes a C-algebra with the product given 
hj u ■ V := Uiv G V2 for M, t> G V2. In addition, we know (see |FLM[ §10.3] and also [Ml 
§5]) that if dimVo = 1 and dim 14 = 0, then the C-algebra V2 is commutative (but not 
necessarily associative), which we call the Griess algebra of V . 

Various kinds of commutative C-algebras appear as the Griess algebras of VOAs. The 
Griess algebra of the moonshine VOA V'^ is isomorphic to the 196884-dimensional, com- 
mutative C-algebra introduced by Griess [G], whose automorphism group is isomorphic 
to the Monster sporadic simple group (see jFLMl p. 319]); the name "Griess algebra" is 
derived from this fact. Also, for a given associative, commutative C-algebra A equipped 
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with an A-invariant bilinear form, Lam |XilJ constructed a VOA whose Griess algebra 
is isomorphic to A. Further, in [L2j . |AMj . |Asj . they constructed some VOAs whose 
Griess algebras are (simple) Jordan algebras; for the definition of a Jordan algebra, see 
§2.21 below. In this paper, we will mainly treat VOAs introduced in pL2, §4.1] and [AM] , 
whose Griess algebras are isomorphic to the simple Jordan algebra Sym^(C) of symmetric 
matrices of size d G Z>2 with entries in C. Because the Jordan algebra Sym^(C) has a 
strong connection to symmetric cones and zeta functional equations (see [FK] ) . Ashihara, 
Miyamoto (see |AMl Introduction]), and the authors of this paper expect that the results 
m [XM] and this paper contribute a VOA theoretical approach to the theory of symmetric 
cones and zeta functional equations. 

An essential difference between the VOA introduced in |L2l §4.1] and the one intro- 
duced in |AMj (which we denote by Vj) is their central charges. The central charge of the 
former is equal to the (fixed) positive integer d G Z>2, the size of symmetric matrices. On 
the other hand, the central charge of the later is equal to dr, where r is an arbitrary com- 
plex number (see Theorem 12.51 below). In general, the structure and the representation 
theory of a VOA deeply depends on its central charge. For example, it is well-known that 
the simplicity of a Virasoro VOA Mf.fi/ (L_il) (with notation in |Wj) and the rationality 
of a simple Virasoro VOA Vc (with notation in [W]) depend on their central charges c (see 
[W] and also [DMZj ). Moreover, rational Virasoro VOAs (i.e., Vc of special central charge 
c, such as V1/2) and their irreducible modules play very important roles in the theory of 
VOAs. So, as in the case of Virasoro VOAs, it is quite natural and important to study 
how the VOA Vj introduced in |AM] depends on its central charge dr. In this paper, 
we study the condition of r G C for the VOA Vj to be simple. The main result of this 
paper is the following theorem, which means that the simplicity of Vj also depends on its 
central charge. 

Theorem. Keep the notation above. The VOA Vj is simple if and only if r is not an 
integer. 

Many important VOAs are obtained as the nontrivial simple quotients of nonsimple 
VOAs (e.g., rational Virasoro VOAs, and VOAs associated to integrable highest weight 
modules over affine Lie algebras). So we are interested in the simple quotient Vj/Ir 
with r G Z rather than the VOA Vj. When we study the structure of Vj/Ir and its 
representation theory, it is very important to determine some relations in Vj/I^ induced 
by the maximal proper ideal J^. In this paper, as a first step for studying the simple VOA 
Vj/Ir, we will give a generator system of the maximal proper ideal Ir of the VOA Vj 
explicitly, whose elements are singular vectors for a certain Lie algebra £r^\ and have a 
high symmetry (see ^ below). 
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This paper is organized as follows. In ^ we recall the definition of the Griess algebra of 
a VOA, the definition of a Jordan algebra, and the construction of the VOA Vj introduced 
by Ashihara and Miyamoto [AMj . Then we state our main theorem (Theorem 12. 6p . and 
the plan how we prove the theorem. In §3]- ^ following the plan, we will prove some key 
propositions (Propositions 13.11 13. 4^ 14.11 15. Ij 16.11) : our main theorem follows immediately 
from these propositions. In ^ we also give a generator system of the maximal ideal Ir 
of the VOA Vj explicitly when r is an integer, that is, when Vj is not simple. 

Acknowledgments. The authors would like to express their sincere gratitude to Profes- 
sor Masahiko Miyamoto, Professor Toshiyuki Abe, Professor Hiroki Shimakura, Professor 
Hiroshi Yamauchi, and Dr. Takahiro Ashihara for valuable discussions. 

2 Vertex operator algebra whose Griess algebra is a Jordan al- 
gebra. 

2.1 Griess algebras. Let (V = 0„gz>o ^(■''^)' ^) ^ vertex operator 
algebra (VOA for short), with Y{- ,z):V^ (EiidV)[[z, z~^]] the vertex operator, 1 G Vq 
the vacuum element, and G V2 the Virasoro element (for the details about VOAs, see, 
e.g., [LL] ). As usual, for each v E V, we define Vm G EndV^, m G Z, by: Y{v, z) = 
XlmGZ "^m-^ -^^^ a, & G V2, we define a ■ b := aib. Then it follows from the axiom of a 
VOA that a ■ 6 G V2 for every a,b & V2, i.e., V2 becomes a C-algebra with ■ the product. 
In addition, if Vq = CI and Vi = {0}, then the C-algebra V2 is commutative (see |FLMl 
§10.3] and also [Ml §5]). In this case, we call V2 the Griess algebra of V. Note that the 
Griess algebra of a VOA is not necessarily associative. 

2.2 Jordan algebras. Let us recall the definition of a Jordan algebra. For the details 
about Jordan algebras, see, e.g., |A11] . |A12j . and [J]. 

Definition 2.1. Let J be a C-algebra with the product a - b {a,b E J). The C-algebra J 
is called a Jordan algebra if a ■ b = b ■ a and ■ (6 ■ a) = (a^ -b) ■ a hold for every a,b E J. 

Let Sym^(C) be the set of symmetric matrices of size d G Z>2 with entries in C. It is 
well-known that Sym^(C) becomes a (simple) Jordan algebra, where the product is given 
by: A-B = 1{AB + BA) for A, B e Sym^(C) (see also [L2l Theorem 6B]). 

2.3 VOA Vj. Let (and fix) d G Z>2. In this subsection, we recall a VOA Vj intro- 
duced by Ashihara and Miyamoto |AMj , whose Griess algebra is isomorphic to the Jordan 
algebra Sym^(C) of symmetric matrices. 



3 



Let i) be an (infinite-dimensional) vector space over C with a linear basis {f*(m) | 1 < 
z < m G Z} U {c}, and define a Lie bracket on {) by: 

[t>*(m), v^{n)] = Sm+no^ij for I < i, j < d and m,n E Z, 

(2.1) 

[c, [)] = {0}. 

Denote by t/(f)) the universal enveloping algebra of the Lie algebra 1), and let U{i))/ (c — 1) 
be the quotient algebra with respect to the two-sided ideal (c — 1) of U{1)) generated by 
c — 1 G f/(f)). We define a subspace C of t/({))/ (c — 1) as follows: For 1 < i, j < d and 

m, n E Z, we set 

w*-^(m, n) ■=v^{m)v^{n) mod (c — 1). (2.2) 

Let 

E := |f **(m, n) I 1 < z < d and m, n E Z with m < U 

|f*'' (m, n) I 1 < 2 < j < (i and m, n G Z} . 

Then it follows from the Poincare-BirkhofF-Witt theorem that B U {1 G f/([))/(c — 1)} is 
a linearly independent subset of f/(f))/ (c — 1). We set 

C := (Spanc B) ® C C U(i))/{c - 1). 

Remark 2.2. Let 1 < i, j < d, and m, n G Z. It can be easily seen from the definition 
(12. ip of the Lie bracket on P) that 

v^^{m, n) = v^^{n, m) if i j , or if i = j and m ^ — n, 

(2.3) 

v^^{ra, —m) = f**(— m, m) -|- m. 

In particular, v^^{m, n) E C for all 1 < i, j < d and m, G Z. 

We see by direct computation that [x, y] = xy—yx is contained in C for every x, y E C, 
and hence £ becomes a Lie algebra with respect to the natural Lie bracket. Now, let (and 
fix) r G C be an (arbitrary) complex number. For each x, y E C, we define 

[x, y]r := TTi{[x, y]) + rTC2{[x, y]), (2.4) 

where tti : £ SpaUjj;. B and 7r2 : £ ^ C denote projections from C onto Span^. S and 
C, respectively. Then we know from |AMl §2.1] that [. , -jr is a Lie bracket on C Let us 



denote by Cr the Lie algebra C with the new Lie bracket [. , ■]r- 

Example 2.3. As an example, let us compute [f**(m, n), f"(— n, — m)]r for 1 < i < d and 
m, n E Z>o with m <n. By direct computation and (12. 3p . we see that in £, 

[f"(m, n), ■u''(-n, -m)] 

= n(l 6m,n)v'\-m, m) + m(l + 5m,„)t;"(-n, n) + mra(l + 5m,n)- 
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Hence, by the definition (12 .4^ of the Lie bracket [■ , ■]r, we obtain 

[v'^m, n), v'\-n, -m)]r 

= TTi{[v'\m, n), v'\-n, -m)]) + rTT2{[v'\Tn, n), v''{-n, -m)]) 

= n{l + Sm,n)v''{-m, m) + m(l + 6m,n)v''\-n, n) + rmn(l + 5m,n)- (2.5) 

We now set 

i3+ := {f*"'(m, n) E B \ m E Z>o or n G Z>o} , 
B_ ■= {f*^'(m, n) e B \ m, n e Z<o} , 

and := (Span^. ©C. It is easily seen that £^ is a Lie subalgebra of Let CI be 
a one- dimensional £^-module such that x ■ 1 = for all x G and s ■ 1 = si for each 
s G C C . Denote by the £r-niodule induced from the £^-module CI, that is, 

Mr := U{Cr) ®u{c+) 

Here we give a linear basis B of by using the Poincare-Birkhoff-Witt theorem. 
Take (and fix) a total ordering >- on the set Denote by S the set of finite sequences 
of elements of B- that is weakly decreasing with respect to the total ordering >~. For 
X = (xp >z Xp-i ^ ■ ■ • ^ Xi) G S with Xq G i3_ for 1 < g < p, we set 

w(x) := XpXp_i • ■ -Xil G Mr. 

In view of the Poincare-Birkhoff-Witt theorem, B := {u'(x) | x G 5} is a linear basis of 
the £r-iiiodule Mr. 

Remark 2.4. We see from the definition fl2.4p of the Lie bracket on Cr that xy = yx for 
all X, y G Therefore, if yi, y2, ■ ■ ■ , yp & then yiy2 ■ ■ -ypl = w(x) G B, where 
X G 5 is the sequence of length p obtained by arranging yi, y2, . . . , yp in the weakly 
decreasing order with respect to the total ordering >~. Also, we note that if m, ri G Z<o, 
then v^^{m, n) = v^'^{n, m) for every I < i, j < d (see Remark 12. 2p . 

If X = (xp >z Xp-i ^ ■ ■ ■ ^ Xi) G S with Xq = f*5-'9(mg, Ug) G i3_ for 1 < g < p, then 
we define the degree of w{x.) G B by: 

p 

deg(w(x)) = - ^(mq + Ug) G Z>o. 

q=l 

Then the £j.-module Mr admits the degree space decomposition as follows: 
Mr = (Mr)n, where {Mr)n ■= Spanc{6 G B | degfe = n}. 

neZ>o 
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Note that 

{Mr)o = CI, and (M^)i = {0}. (2.6) 
Define an operator Ujim) G End(Mr) for 1 < i, j < d and m G Z by: 



VJim) 



and set 



■^^f *-'(m — h, h) if i 7^ j or m 7^ 0, 

hez 

^f"(0, 0) + ^ /;., /;,) if z = j and m = 



d 

iui.^ := LI' {-2)1 e {Mr)2, and := ^cu^' G (M,)2. 



(2.7) 



Remark that Uj{m) = Li^{m) for every 1 < i, j < d and m G Z (see Remark 12.21) . 
and hence that u;*-' = u;^* for every 1 < i, j < d. Let JT" := {i^^"', 1 I 1 ^ "^j J ^ 
d^ C Mr, and let Vj be the subspace of Mr spanned by all elements of the form: 
L;iJi(mi)L;2i2(m2) ■ ■ ■ Ll^^^inip)! with p > 0, and 1 < iq, jg < d, G Z for 1 < g < p. 
Then, Vj also admits the degree space decomposition induced from that of Mr, i.e., 

= 0nGZ>o(^^)" "^^^^ i^j)n '■= Vj n {Mr)n for u G Z>o. We should remark that 
{Vj)o = CI and {Vj)i = {0} by (ESI). 

Define a map yo(- , z) : J ^ End{Vj)[[z, z'^]] by: 

ro(<^ 2) = 5^L;^(m)z-™-2 1 < J < d, 

™6Z (2.8) 
Yo(l, z) = idvj . 

The following theorem is the main result of [XM] . 

Theorem 2.5. Keep the notation above. The map Yq{- , z) : JT" — > End(Vj) [[2;, z^^]] can 
be uniquely extended to a linear map Y{- , z) : Vj End{Vj)[[z, z~'^]] in such a way that 
the quadruple (^j = 0nez>o(^>7)"' ^(■''^)' ^) becomes a VOA of central charge dr, 
with 1 the vacuum element, and uj the Virasoro element. Furthermore, the Griess algebra 
ofVj is isomorphic to the Jordan algebra Symj^(C) of symmetric matrices. 

The purpose of this paper is to determine the condition of r G C for the VOA Vj to 
be simple. The following theorem is the main result of this paper. 

Theorem 2.6. Keep the notation above. The VOA Vj is simple if and only if r E C is 
not an integer, that is, r G C \ Z. 
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We will prove Theorem 12.61 as follows. First, in ^ we will show that Vj C Mr is, 
in fact, identical to the whole of Mr (Proposition 13.11) . and then prove that the VOA Vj 
(= Mr) is simple if and only if Mr is irreducible as an Cr-Tnodnle (Proposition 13.41) . Let 
Ci^^ be a Lie subalgebra of Cr generated by {v^^{m, n) | m, n G Z with m < C i3, and 
set Mr^^ = U{Ci^^)l C Mr- In ^ it will be shown that the Cr-m.odu\e Mr is irreducible 
if and only if Mr^^ is irreducible as an ■'-module (Proposition 14. ip . In ^ we will prove 
that if r G C \ Z, then M^^^ is an irreducible Ci- -module, and hence Vj is a simple 
VOA (Proposition 15. ip . Finally, in ^ we will give some singular vectors of the ci^^- 
module Mr^^ explicitly in the case that r G Z (Proposition 16. ip . which implies that Mr^^ 
is reducible, and hence Vj is not simple. 

3 Simplicity of Vj and irreducibility of M^. 

3.1 Relation between Vj and Mr. As in the previous section, we fix d G Z>2 and 
r G C. This subsection is devoted to proving the following proposition. 

Proposition 3.1. The subspace Vj C Mr is identical to the whole of Mr, that is, Vj = Mr 
holds. 

In order to prove Proposition 13.11 we need some technical lemmas. 
Lemma 3.2. (1) For each 1 < i, j < d, we have 

v'^{-l, -l)l = 2Li^{-2)l. (3.1) 

(2) Let I < i, j < d with i ^ j , and m, n & Z<o- Then, 

v'^{m - 1, n)l = -—Li'{-iy^{m, n)l. (3.2) 
m 

(3) Let 1 < i, j < d with i ^ j , and m, n E Z<o. Then, 

v'Hm - 1, n)l = — -L^;(0)I^^^(-iy^(n, m)l. (3.3) 

m(m — n + 1) 

Proof. (1) By the definition ([221) of L;^ (m), 

2Lt^(-2)l = ^t;'^(-2 - h, h)l. 

Note that v'^{-2 - h, h) = v^\h, -2 - h) for all /i G Z (see Remark Since 
f*-'(m, n)l = if v'^^{m, n) G it follows that t>*-'(— 2 — /i, h)l = unless h = —1. 
Thus we obtain 2L;J(-2)1 = v'^{-l, -1)1, and hence (O). 
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(2) As in the proof of part (1), we can easily show that 

^[-i)i = lY.v^^[-i-h, h)i = Q 

for all 1 < i, j < d. Hence, 

Ll\-iy^{m, n)l = [Lf{-1), v'^{m, n)]l since L';{-1)1 = by 

= - h, h),v^^{m, n)]l. 

By direct computation (as in Example 12.31) . we see that 

[v'\-l - h, h), v'^{m, n)]r = 

S-i-h+mfl (-1 - h)v'-^{h, n) + 6h+mfi hv'^{-l - h, n). 

Therefore, 

\Y>'\-^-K h),v'^{m, n)]l 

= ^"^{S-i-h+mfii-l- h)v'^{h, n) +6h+m,ohv'^{-l - h, n)}l 

hez 

= -|(— m)t;*"'(m — 1, n) + {—m)v^^{m — 1, n)^l 

= {—m)v^-'{m — 1, n)l. 

Thus we obtain l)f*-'(m, n)l = (— m)f*-'(m — 1, n), and hence (13.21) . 

(3) We have 

Li^{-iy^{n, m)l = v'^{n, m)]l since L*:'(-l)l = by (EH) 

= ^E[^''(-1-^' h),v'^{n, m)]l. 

hez 

As in Example 12.31 we see that 

[v'^{-l -h,h), v'^{n, m)]r = 

Sh+m,o hv'\n, -1-h) + 5_i_h+n,o (-1 - h)v"{h, m). 

Therefore we get 

^J2[v''i-l-h, h),v'^{n, m)]l 



2 

h€Z 



^ "^{Sh+mfihv'^n, -l-h) + 6_i_h+nfi (-1 - h)v"{h, m)}l 
-|(— m)f"(n, m — 1)1 + {—n)v"{n — 1, m)l}. 
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and hence 



Tfi ■ ■ Th ■ 

Ll^ {-l)v^^ {n, m)l = -— ■u"(n, m - 1)1 - -v"{n - 1, m)l. 



Now, since L**(0)1 = 0, it follows that 
4'(0)Lt^(-l)t;'^(n, m)l 



777 77 

= --L;^(0)t;"(n, m - 1)1 - -L;*(0)t;^^(n - 1, m)l 

T?7 77 

= --[L-(0), t;^^(n, m - 1)]1 - -[L-(0), v"{n - 1, m)]l. 
It can be easily checked that [L^^(O), v^^n — 1, m)] = since i ^ j- Thus, 

777 77 

- y[L;^(0), ^ - - 2 (0), v"{n - 1, m)]l 

777 

= --[L-(0), t;^^(n, m-l)]l 

Since n, m — 1 E Z^q, it follows that 

h), v'\n, m - l)]r = 6h+n,o hv'\-h, m - 1) + 5h+ra-ifl hv'\n, - 
for h G Z>i. Therefore, 

= -y E {^?'+n,o^f''(-^, m - 1) + Sh+m~i,o hv'%n, -h)}l 

777 

= - — [{-n)v''\n, m - 1) + (-m + l)f"(n, m - l)}l 

m(m + n-l) ^ _ 

= ^ -v'\m - 1, n)l. 

2 

Thus we obtain 

Lt'(0)Lt^(-l)t;'^(n, m)l = ""^"^ ^^"^ ~ ^^ t;"(m - 1, n)l, 
and hence (13. 3p . This completes the proof of the lemma. 
Lemma 3.3. (1) Let 1 < i, j < d with i ^ j, and m, n E Z<o- Then, 
v'^{m, n)l = aLt'(-l)-'"-^L^/(-l)-"-^Lt^(-2)l 



for some a E C \ {0}. 

(2) Let I < i < d, and m, n E Z<o with m < —2. Take I < j < d with j i arbitrarily. 
Then, 

v''im, n)l = pLi\0)Li^{-l)Li\-l)-"-'Li^{-iy"'-^Li^{-2)l (3.6) 
for some /? G C \ {0}. 

Proof. (1) We prove (13.51) by induction on —m — n (note that —m — n > 2). If —m — n = 2, 
that is, m = n = —1, then (13. 5p follows immediately from (13.11) . Assume that —m — n > 2. 
By Remark 12. 2[ we may assume that m < — 1. Then, by (13.21) . we have 

v'^m, n)l = —Lt^(-lX^(m+l, n)l. 

Applying the inductive assumption to the right-hand side of the equation above, we obtain 

v'^m, n)l = i — U'^i-iy^m + 1, n)l 

^ -Lt*(-1) {aLt'(-l)-"-22,^/(-l)-"-i4^(-2)l} 



m + 



a 



m + 1 



l;*(-i)""-^l^/(-i)-"-^l;^(-2)i. 



where a G C \ {0}. Thus we have proved part (1). 
(2) Using (1331) and ([331), we have 

v'\m, n)l = -Lf{0)Ll\-iy^{n, m + 1)1 by (ED 

(m + l)(m + n) 

Tii/n\Ti-i/ -i\rii/ i\— n--lr77/' -\\—m—2 



{m + l)(m + n) 



l;^(o)l;^(-i)l;^(-i)-""1l^,^(-i)-™-'l;^(-2)i by dMD, 



where /3 G C \ {0}. Thus we have proved part (2), thereby completing the proof of 
Lemma 13.31 □ 



Proof of Proposition \3.1[ We set 
U := Spanc < Li^''{mi)Li'^'{m2) ■ ■ ■ L'/'" {mp)l 



p > 0, and 1 < iq, jg < d, 
nig G {-2, -1, 0} for 1 < g < p 

In order to prove Proposition 13.11 it suffices to show that U = M^. Indeed, it is obvious 
from the definition of Vj that U C Vj. Hence, if f/ = holds, then Mr = U C Vj C M^, 
which implies that Vj = Mr. 

Claim. We have xU C U for every x E B. 
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Proof of Claim. Fix x & B. It suffices to prove that 

for every p > and every 1 < ig, jg < d, nig G {—2, —1, 0} for 1 < g < p. We prove this 
by induction on p. It is obvious that xl = G f/ if x G Also, we see from equations 
(13. 5p and fl3.6p that xl is contained in f/ if x G Thus the assertion holds when p = 0. 
Assume that p > 0. Then we have 

xLi^^'{mi)Ll^^^{m2) ■ ■■U/^^imp)l = 

[x, Ll}^'{m^)]Ll^^'{m2) ■ ■ ■ L;''>(mp)l + Li'^'{m^){xLi^^%m2) ■ ■ ■ L;^^'^(mp)l}. (3.7) 

Since xU^^^{m2) ■ ■ ■ V/''^ {rrip)! is contained in U by the inductive assumption, and since 
mi G {—2,-1,0}, it follows that the second term of the right-hand side of (13. 7p is 
contained in U. Now we deduce from the definition of the Lie bracket on Cr and the 
definition (12.71) of Uj{m) that [x, //^^•'^(mi)] can be written in the form: 

[x, V^^^{mi)] = aiui + 021/2 H h asVs + P 

for some ai, 0^2, . . . , a^, /5 G C and yi, 1/2, . . . , Us E B. By substituting this into the ffist 
term of the right-hand side of (13.71) , we see that 

[x, Li'^'{mi)]Li'^'{m2) ■ ■■L'^'^{mp)l 

= V as'ys'Ll'^%m2)---Ll^'''imp)l+l3Ll'^%m2)---U/'''{mp)l, 

lZ^<s ^ ^ ' ^ ^ ' 

— — £(7 by the inductive assumption SC/ 

and hence that the first term also is contained in U. Therefore we conclude that the 
left-hand side of (13. 7p is contained in U, thereby completing the proof of Claim. 

The claim above implies that U is an £j,-submodule of Mr which contains 1. Hence 
we conclude that U = Mr, thereby completing the proof of Proposition 13. 1[ □ 

3.2 Relation between the simplicity of Vj and the irreducibility of Mr. In 

this subsection, we prove the following proposition. 

Proposition 3.4. The VOA Vj (= Mr) is simple if and only if Mr is irreducible as an 
Cr-module. 

First let us show the following lemma, needed in the proof of Proposition 13.41 
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Lemma 3.5. Let 1 < i, j < d with i ^ j , and m, n E Z<o. The vertex operator 
Y{v''^{m, n)l,z) ofv''^{m, n)l G = Vj is given by: 

Y{v'^{m, n)l,z) = (-l)-'"-"x 

E C':;_"i>-'(' + ™ + - + 1 - (3.8) 



Proof. We prove the lemma by induction on —m — n (note that ~m — n > 2). If —m — n 
2, that is, m = n = —1, then it follows that 

Y{v'^{-1, -1)1, = 2F(Lt^(-2)l, ^) by (EH) 

= 2Y{u:i^, z) = 2Y^ Uj{l)z-^-'^ by i^M) and Theorem [13] 



Therefore the equation (I3.8p holds if — m — = 2. Assume that —m — n > 2. By 
Remark 12.21 we may assume that m < — 1. It follows from (I3.2p that 

Y(v'Um, n)l,z) = ^ Y(LlU-iy'(m + l, n)l,z). 

—m — 1 

By using the commutator formula (see |LL[ p. 54]), we deduce that 

{V:{-iy\m + 1, n)l)i = {{uj:),v'^{m + 1, n)l\ = [(cu^o, {v'^{m + 1, n)l),] 

= [L;^(-1), (t;^^-(m + l, n)l),]. 

Also, it follows from the inductive assumption that 

{v'^{m+l, n)l)i = (-l)-"-^~"x 

sr^ fl + n — k\ fk — n — l\ , ,xl 

g(-,n-2)(-„-l)"'" + '" + " + 2-^-*)j- 

Combining these equations, we get 



iif M ^ {-ly^-^-^ (l + n-k\(k-n-l\ 

[Lt'(-l), t;'^'(/ + m + n + 2 - A;, A;)] 



X 



z-'~\ 
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It can be easily checked by direct computation that 
[Lt'(-l), v'^{l + m + n + 2-k, k)] 

= \Y1 -h, h),v'^{l + m + n + 2-k, k)] 

= -{I + m + n + 2 - k) v'^{l + m + n + I - k, k). 

Thus we obtain 

F(f*-'(m, n)l,z) 



^ ^ -m - 1 

i€Z vfcez 



^ ^ ]v'^(l + m + n + l-k, k)\z'^'^ 

-n - 1 y J 

Thus we have proved Lemma F3.5[ □ 



Proof of Proposition \3.4\ First, we show the "if" part. Assume that Vj = Mr is not 
simple, and let W <Z Vj = Mr be a proper ideal of the VOA Vj. Let us show that W is 
a (proper) ^^-submodule of M^. 

Claim 1. Let 1 < i, j < d with i ^ j . Then, v^^{m, n)W C W for all m, n & Z. 

Proof of ClaimUi Let u G W. We prove that f*-'(m, n)u G W for all m,n & Z, which is 
equivalent to showing that v'^^{s—t, t)u G W for all s^t ^TL. Fix s G Z. If v^^{s—t, t)u = 
for all t G Z, then the assertion is obvious. So, let us assume that — t, t)u ^ for 
some t & Tj. Take ti, t2 G Z with ti < )f:2 in such a way that if v^^{s — t, t)u ^ 0, then 
ti <t<t2. By Lemma [3. 5 [ we see that 



tez ^ ^ ' 



v''{s-t, t)u 



tl<t<t2 \ / 

for p > 0. Because W is an ideal of the VOA Vj = Mr, it follows that 

{v^^{-p, -1)1)^^ new 
13 



for all p > 0. Hence, in order to prove that v'^^{s — t, t)u G W for all t\ <t < t2, it suffices 
to show that the matrix 

■ir'('^ (3.9) 

\ P - 1 J J l<p<i2-ti+l ^ ^ 

ti<t<t2 

is invertible. So we show the following: Let L G Z, and M G Z>o. Then, 

i/\ / 1 f L + p- N\ . . 

det(ap,Af)i<p,Ar<M 7^ 0, where a^^Ar := I I. (3.10) 

We prove (13.101) by induction on the size M of the matrix. The claim is obvious when 
M = 1. Assume that M > 1. Using the formula 

ap,iv - ap,7v-i = - ^ ^ 2 ^1 for 2 < < M, 



we deduce that 

det(ap^Ar)i<p Ar<Af = det 



L + p- N 
p-2 



-1)*^-Met 



2<p,N<M 

L + p-N 
p-2 



2<p,N<M 



det (ttp'^TV' )l<p',N'<M- 



^Oby the inductive assumption 

where p' := p — 1 and A^' := A^ — 1. Thus we obtain (I3.10p . We see from (13.101) with 
L = s — ti, M = t2 — ti + 1, and A^ = t — ti + 1 that the determinant of the matrix (13.91) 
is not equal to 0, and hence the matrix (13. 9p is invertible. Thus we have proved Claim [H 

Claim 2. Let 1 <i <d. Then, v^'^m, n)W C W for all m,n eZ. 

Proof of Claim\^ Let u G W . Take 1 < j < (i with j ^ i arbitrarily, and take A^ G Z<o 
in such a way that v^^{N, ~N)u = 0. By direct computation, we see that 

[v'^{m, -N), v'^{n, N)]u = -Nv'\m, n)u + 5.m+nflmv"{N, -N)u + au 

= —Nv^^{m, n)u + au since v"{N^ —N)u = 

for some a G C Since [v'^^{m, —N), v'^^{n, N)]u is contained in W by Claim[T], we conclude 
that f**(m, n)u G W, thereby completing the proof of Claim O 

It follows from Claims [1] and [2] that v^^{m, n)W C W for all 1 < i, j < d and m,n & Z, 
which implies that W is an iZ^-submodule of Mr. Thus we have proved the "if" part of 
Proposition 13. 4[ 
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Next, we show the "only if" part. Assume that Mr = is a reducible £r-iiiodule, 
and let W C M^ = be a proper £^-submodule. Let v G Vj, and / G Z. By the 
definition of the vertex operator of Vj-, we deduce that Vi G End(Vj7) can be written as 
an (infinite) linear combination of products of v^^{m, n), 1 < i, j < d, m, n E 7^. Since 
f*-'(m, n)W C ly by assumption, we have viW C W. Therefore, is a proper ideal of 
the VOA Vj, and hence Vj is not simple. This completes the proof of Proposition 13.41 □ 

The next corollary follows immediately from the proof of Proposition 13. 4[ 

Corollary 3.6. Assume that the VOA Vj is not simple, or equivalently, the Cr-module 
Mr is reducible. Then, W G Vj {= Mr) is the maximal proper ideal of the VOA Vj if 
and only ifW is the maximal proper Cr-suhmodule of Mr. 

4 Irreducibility of Mr and Mr^\ 

Let C^r^ be the Lie subalgebra of Cr generated by B'^'^^ := |f -"^^(m, | m, n G Z with m < 
n} C B. Set Mr^^ = U{Ci^^)l C Mr. In this section, we prove the following proposition. 

Proposition 4.1. The Cr-module Mr is irreducible if and only if Mr^^ is irreducible as 
an C^r^^ -module. 

4.1 Proof of the "if" part of Proposition [4m In this subsection, we show that if 
is an irreducible £r^'*-module, then Mr is an irreducible Cr-modu\e. This assertion 
follows immediately from the next lemma. 

Lemma 4.2. Let W be a nonzero Cr-submodule of Mr. Then, W fl Mr^"* is a nonzero 
-submodule of Mr^'^ . 

Indeed, if W G Mr is a nonzero £r.-submodule of Mr, then it follows from Lemma 112] 
that W n Mi^^ is a nonzero £r^^-submodule of Mr^\ Since Mr^^ is assumed to be an 
irreducible £r^''-module, we have W fl Mr^^ = Mr^\ In particular, W contains 1 G M^, 
which implies that W = Mr. 

In order to prove Lemma l42| we introduce a weight space decomposition of Mr. Define 

n := Cv''\l, -I) C Cr. 

l<fc<d, iGZ<o 

Then it can be easily seen that 7i is an abelian Lie subalgebra of Cr. Set hkj : = 
— {l/l) v^''{l, —I) E H foT 1 < k < d and / G Z<o- By simple computation, we see 
that for 1 < k < d and / G Z<o, 1 < j < and m, n E Z, 

[hk,i, v'\m, n)]r = {S{kj),{i,m) + - % -0,(i,m) - ^{k,-i),{j,n))v'^{'m, n). (4.1) 
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Let Afc^/ E H* := Homc(7i, C) be the dual basis of hk,i E H for 1 < k < d and / G Z<o, 
and set 

Q+ '■= ^ ^>oAfc,« C H*. 

l<fc<d,«GZ<o 

We see from f l4.ip that for each x G 5, the basis element iy(x) of is contained in the 
"weight space" (M^)^ := {u G | /iM = \{h)u for all /i G 7"^} of weight A for some 
A G (5+ (see also Remark 14.41 below). Thus the £r--iiiodule Mr admits the weight space 
decomposition with respect to the abelian Lie subalgebra H, C Cr as: 

M, = (M,)\ (4.2) 

AGQ+ 

Remark 4.3. Let 1 < i, j < d, and let m, n E Z. It follows from (14. ip that v^^{m,n) G 
Endc(Mr) is a homogeneous operator of weight — sign(m)(Ai _m + Aj^m) — sign(n)(Aj + 
Aj „), where for G Z, 

r 1 if A^ > 0, 
sign(A^) := i if A^ = 0, 
[-1 ifA^<0, 

and for convenience, A^ ^ := for all 1 < A; < and / G Z>o. 

Remark 4.4. Let x = (xp ^ ^ ■■■ ^ Xi) G 5 with = v^i^i^mg, riq) G i3_ for 

1 < g < p. For 1 < A; < (i and / G Z<o, we define 

z/(x, (A;,/)) : = 

#{1 < g < P I (^„ m,) = (fc, /)} + #{1 < g < p I (j„ n,) = {k, I)]. 

Namely, i/(x, {k,l)) denotes "the number of v^{l) appearing in x" (see fl2.2p ). Then we 
deduce from Remark [4.31 that the weight of w(x) is equal to 

z/(x, (/c,/))Afc,/ G Q+. 

l<fe<(i,iGZ<o 

Proof of Lemma \4-S\ Remark that the submodule W C Mr also admits the weight space 
decomposition W = 0AeQ+ where := W H (Mr)^. Let u be a nonzero homoge- 
neous element of W, that is, u G \ {0} for some A G Q+. It suffices to show that there 
exists X G U{Cr) such that xu G M^^^ \ {0}. For each ^ G we set 

2<fe<cZ,«GZ<o 

We show the claim above by induction on ^^(A). If ^(A) = 0, then the claim is obvious 
since u G Mr^^ (see Remark 14.40 . Assume that ^^(A) > 0. Let 2 < i < d and m G Z<o 



16 



be such that \{hi^m) > 1, and let G Z<o be such that \{hi^N) = 0. Then we have 
v^\—N, m)v^\N, —m)u ^ 0. Indeed, since 

[v^\-N, m), v^\N, -m)]^ = {-Ny\m, -m)+mv^\N, -N) 

by direct computation, it follows that 

v^\-N, m)v^\N, -m)u = {{-Ny\m, -m)+mv^\N, -N)}u 

+ v^\N, -m)v^\-N, m)u. 

Here we note that A + Aj ^ — Ai tv is not contained in since A(/ii^Ar) = 0. Because the 
weight of v^''{—N, m)u is equal to A + Aj m — Ai jv ^ Q+ by Remark we see from fl4.2l) 
that v^^{—N, m)u = 0. Hence we get 

v^\-N, m)v^\N, -m)u = {{-Ny\m, -m)+mv^\N, -N)}u 

= mN X{hi^rn) u — mN X{hi^N) u 0. 

>1 =0 

Thus we obtain v^'^{—N, m)v^'^{N, —m)u ^ 0, which implies that f^*(A^, —m)u ^ 0. It 
follows from Remark 14.31 that the weight A' of v^^{N^ —m)u is equal to A — Aj^m + Ai^tv- 
Since ^(A') = ^(A) - 1, there exists x' G f/(£^) such that x'v^\N, -m)u G mP by the 
inductive assumption. Thus we have proved Lemma [4. 2[ □ 

4.2 Proof of the "only if" part of Proposition 14. ll Assume that W C M^^^ is an 
£r^^-submodule of M^-^^ . Then we see that W is stable under the action of 7i; indeed, we 
have hijW C W for all / G Z<o by assumption, and hkjW = {0} for all 2 < k < d and 
/ G Z<o (see ( 14.11) and Remark l4.4p . Thus, W also admits the weight space decomposition 
as follows: W = ®xeQ+^^ with = W f] (M,)^ Since W C M^^^ = f/(4^^)l, 
we deduce from Remark 14.31 (see also Remark 14.41) that = {0} unless A G : = 
J2iez^o ^>o^i,i- Hence we have 

W = ^ = ^ W^. (4.4) 

Now, let us prove that if Mr is an irreducible Cr-vao dule, then M^^^ is an irreducible 
^[^''-module. It suffices to show the next lemma. 

Lemma 4.5. Assume that Mr^^ is a reducible -module, and let W C M^"^^ be a 
proper Ci^^ -submodule of Mr^\ Let u be a nonzero homogeneous element of W , that 
is, u G \ {0} for some A G Q^'*. Then the Cr-module U{Cr)u (c Mr) generated by 
the u is a proper submodule of Mr- Therefore the Cr-module Mr is reducible. 
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Proof. Suppose that U{Cr)u coincides with the whole of M^. Then there exists x E U (Cr) 
such that xu G CI \ {0}. Let 

Bi := B- U {v^^{m, n)eB\2<j<d, meZ, ne Z<o}, B2:=B\ Bi. 

Since an element in C G Cr acts as a scalar multiple, we may assume, by the Poincare- 
Birkhoff-Witt theorem, that the x G U{Cr) above is of the form: x = J2i<t<s ^tUtZt, 
where yt (resp., Zt) is a product of elements in Bi (resp., B2) for each 1 < t < s, and 
aj G C for each 1 <t < s. Because m is a homogeneous element, we see from Remark 14.31 
that UtZtU are also homogeneous elements for all 1 < t < s. Since xu G CI \ {0}, and 
since (Mr)° = (Mr)o = CI, it follows that ytZtU G CI \ {0} for some 1 < t < s. Thus 
we may assume from the beginning that x is of the form: x = yz, where y (resp., z) is a 
product of elements in Bi (resp., B2). 

Suppose that y ^ 1. Because xu = yzu G CI \ {0} C (Mr)^, we deduce from 
the definition of the set Bi and Remark 14.31 that the weight of zu is not contained in 
Hence, zu = hj (14.21) . which is a contradiction. Thus we get y = 1. Write 
z = ZpZp^i ■ ■ ■ Zi with G for 1 < g < p. Suppose that there exists 1 < q' < p such that 
Zgi ^ B^^^ = \^v^^{m,n) \ m, n G Ta with m < n}. Let q := minjl < q' < p \ Zg^ 
Then, Zg is either of the following form: v^^{m, n) for some 2 < j < d and m G Z, 
n G Z>o, or v^-^im, n) G Bj^ for some 2 < i < j < d. Because zi, Z2, ■ ■ ■ , Zg^i G B'-^\ 
it is obvious that Zg^i ■ ■ ■ ziu G C Mr^\ Thus, using Lemma [4.61 below, we see that 
ZgZq-i ■ ■ ■ Ziu = 0, which is a contradiction. Thus we conclude that 2:1, 22, • • • , -2p G 
Hence, 

xu = yzu = zu, since y = 1 

= ZpZp^i ■ ■ ■ ziu G W, since Zi, Z2, ■ ■ ■ , Zp G B^^\ 

Since xu G CI \ {0}, it follows that 1 G W, which implies that W = Mr^\ However, this 
is a contradiction, since W is assumed to be a proper £r^''-submodule of Mr^\ Thus we 
have proved Lemma [4.51 □ 

Let us show the following lemma, which has been used in the proof of Lemma 14. 5[ 

Lemma 4.6. (1) Let 2 < j < d, andm eZ, n e Z>o. Then, v^^{m, ra)M^^^^ = {0}. 
(2) Let v'^{m, n) G B+ with 2 < i < j < d. Then, v'^{m, n)Mj^^^ = {0}. 

Proof. (1) Let 5*^^-* be the subset of S consisting of all finite sequences of elements in 
B^y := B^-^^ n i3_ that is weakly decreasing with respect to the total ordering Then, 
B*^^^ := {w{x.) I X G iS^^-*} C B is a linear basis of Mr^\ Therefore it suffices to show that 
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v^^{m, n)w{x.) = for all x G S^^\ Let x = (xp y Xp-i ^ ■ ■ ■ ^ Xi) E S^^^ with Xq G B^^^ 
for 1 < q < p. We show v^^{m, n)w{x) = by induction on the length p of the sequence 
X. U p = 0, then the claim is obvious since w{x.) = 1. Assume that p > 0. Then, 

v^^{m, n)w{x) = v^\m, n)xpXp-i ■ ■ -Xil 

= [y-^^ {m, n), Xp]xp^i ■ ■ - Xil + Xp{f "^-^(m, n)xp_i ■ ■ ■ Xil}. 

Since v^^{m, n)xp-i---Xil = by the inductive assumption, the second term of the 
right-hand side is equal to 0. Assume that Xp = v^^{s,t) with s < t < 0. By simple 
computation, we see that 

[v^\m, n), Xp]r = [v^^{m, n), v'^'^{s,t)]r 

Hence it follows from the inductive assumption that [v^^{m, n), Xp]xp-i ■ ■ - xil = 0. Thus 
we get v^^{m, n)w(x) = 0, thereby completing the proof of part (1). 
(2) Since 2 < i < j < d, it can be easily seen that [f*-'(m, n), x] = for all x G B^^\ Also, 
v^^{m, n)l = 0, since v'^^{m, n) G B+. The assertion of part (2) follows immediately from 
these facts. This completes the proof of the lemma. □ 

Proposition 14. II follows from the results obtained in § §4.11 and 14.21 At the end of this 
section, we show the following proposition, which is needed in §6.31 

Proposition 4.7. Assume that the Cr-module Mr is reducible, or equivalently, the C^^"^ - 
module Mr^^ is reducible. 

(1) If Wi is the maximal proper d^'' -submodule of Mr^\ then U{Cr)Wi is the maximal 
proper Cr-submodule of Mr. 

(2) // W2 is the maximal proper Cr-submodule of Mr, then W2 H Mr^^ is the maximal 
proper C^r^^ -submodule of Mr^^ . 

Proof We show that U{Cr)Wi = W2 (for part (1)), and Wi = W2n M^^^ (for part (2)). 
Then we deduce from Lemma 14.51 that U{Cr)Wi is an ^^-submodule of Mr such that 
U{Cr)Wi ^ Mr. Hence we have U{Cr)Wi C W2 by the maximality of W2. Also it follows 
from Lemma [4.21 (and the comment after it) that W2 H Mr^^ is an /:^^^-submodule of M^^^ 
such that W2 n M^^^ 7^ M^^^ Hence we have W2 n M^^'^ C Wi by the maximahty of Wi. 
Thus we obtain 

u{Cr)Wi n c 11^2 n m^^^ c Wi. 

Because it is obvious that Wi C U{Cr)Wi fl Mr^\ we get 

u{Cr)Wi n Mj:^^ = 11^2 n M« = Wu 
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which shows part (2). 

Next, let us show U{Cr)Wi = W2 (i.e., part (1)). Since U{Cr)Wi C W2 as shown 
above, it suffices to show that U{Cr)Wi D W2. Note that W2 admits the weight space 
decomposition W2 = 0agq+(^2)'^ with (1^2)"^ = W2 n (M^)^. Let u e W2 he a homo- 
geneous element of weight A G Q+, that is, u G (^^2)'^. We show by induction on ^^(A) 
that u G U{Cr)Wi (for the definition of ^(A), see gSD). If ^(A) = 0, then u G mP 
by Remark 14.41 and hence u G W2 H Mi^\ Since W2 H Mr^^ = Wi as shown above, it 
follows that u e Wi C. U{Cr)Wi. Next, let us assume that 9{\) > 0. Let 2 < i < (i 
and m G Z<o be such that \{hi^m) > 1, and G Z<o such that A(/ii^7v) = 0. Then 
we deduce from the proof of Lemma 14.21 that f ^*(A^, —m)u 7^ 0, and the weight A' of 
v^^{N, —m)u satisfies 0{\') = 6{X) — 1. Hence it follows from the inductive assumption 
that w"(iV, -m)u G U{Cr)Wi. Further, as in the proof of Lemma 14. 2[ we deduce that 

v^'{-N, m) f'{N, -m)u = mN X{hi^^)u, 

£U{Cr)Wl >1 

which implies that u G U{Cr)Wi. This completes the proof of Proposition 14.71 □ 

5 Irreducibility of Mr^^ for r G C \ Z. 

This subsection is devoted to proving the following proposition. 

Proposition 5.1. J/r G C \ Z, then Mr^^ is an irreducible Ci^^ -module. 

5.1 Notation and some lemmas. For simplicity of notation, we set v{m, n) : = 
v^^{m, n) for m, n & Z, and A; := Ai,, G H* for / G Z<o. Recall that 5^^) denotes the 
subset of S consisting of all finite sequences of elements in = yB^^-* fl i3_ that is weakly 
decreasing with respect to the total ordering and B*^-*^^ = {u'(x) | x G 5*^^-*} C IB is a 
linear basis of Mr-^\ For each A G Q+\ we denote by B^^'' the set of all elements in B^-*^^ 
whose weig ht is equal to A, and set S^^^ := {x G ^^^^ | w(x) G m'-^^}. 

Let u G Mr^\ and write it as a linear combination of elements of B*^^-*: u = X]fegB(i) '^i>b 
with ab G C for 6 G B^^). Then we set M[u] := {b G B^^) | a;, ^ O}, and S[u] := {x G 
5« I u;(x) G M[u]}. 

The following formulas can be shown by simple computation. 

Lemma 5.2. (1) Let s, t E Z>o, CL'nd m, n E Z>o. Then, 

[v{-m, n), v{-s, -t)]r = n{6n,sv{-m, -t) + 6n,tv{-s, -m)}. (5.1) 
(2) Let s, t G Z>o with s ^ t, and m G Z>o. Then, 

[v{m, m), v{-s, -t)]r = 2m[6rn,sv{-t, m) + 5m,tv{-s, m)]. (5.2) 
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Lemma 5.3. Let m G Z>o, and v G Z>o. Then, 

v{m, Tn)v{—m, — m)^l = 2m^v{r + 2u — 2)v{—m, — m)^~^l. (5-3) 

5.2 Proof of Proposition 15.11 We show that if W C Mr^^ is a nonzero Ci^^- 
submodule of Mi^\ then W = mP . Suppose that W C M^^^ Because W admits 
the weight space decomposition W = 0_^gg{i) with respect to H (see §4.21) . it can be 
easily seen by usual way (see also Remark \A.3\\ that W contains a (homogeneous) singu- 
lar vector u, i.e., a nonzero element u such that u G W^'^ for some A G \ {0}, and 
v{m, n)u = for all n Eli with m + n > 0. 

Claim 1. r/ie set {/ G Z<o | A(/ii) > O} is identical to {— p, —p + 1, . . . , —2, — l} for 
some p G Z>i. 

Proof of ClaimUl Assume that {/ G Z<o | A(/ii) > O} = {/p < /p_i < • ■ • < /i}; note 
that < —q for every 1 < g < p. Suppose that Iq < — g for some I < q < p- We set 
go := min{l < q < p \ Iq < —q}- Since A(/i/^^) > and A(/i_go) = 0, we deduce by a way 
similar to the proof of Lemma [4.21 that ^(/go, go)M = 0, and 

= qolqo A(/i-go) U + {-qolqo) KK^) ^ 7^ 0" 
=0 >0 

Hence we get v(— go, —lqo)u ^ 0. However, since < —go, this contradicts the assump- 
tion that M is a singular vector. Thus we obtain Iq = — g for all 1 < g < p, thereby 
completing the proof of Claim [H 

Claim 2. The weight A of the singular vector u is of the form: A = X]q=i '^^q^-q with 
Vq G Z>o for 1 < q < p. Furthermore, the set S[u] contains the element xa G S^^^ such 
that 

i<g<p 

Proof of Claim For x G and 1 < g < p, we define Kq(x) to be the number of 
f (— g, — g) appearing in the sequence x. Take x G 5['u] such that the sum J2q=i '^qi.^) is 
maximum, and assume that w{x.) G M[u] is of the form: 

l<q<p l<t<s<p 

for some Uq G Z>o, 1 < g < p, and z/^^t G Z>o, 1 < t < s < p. Suppose that 1^31,11 > for 
some 1 < ti < Si < p. Then we prove that v{—ti, si)u 7^ 0. For this, it suffices to show 
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that the set M[v{—ti, si)u] is not empty. Here we show that M[v{—ti, si)u] contains the 
following element: 

n v{-q, -qY" v{-ti, -hr^^' n -^y'' ^(-^i' i- 

l<g<p, 97^*1 ^<t<s<p, 

It can be easily seen by (15. ip that the element above is contained in M[v{—ti, si)w(x)]. On 
the other hand, we deduce, using (15.11) and the maximality of x, that the element above 
is not contained in M[v{—ti, Si)w{'y)] for all y G S[u] with y 7^ x. Combining these, we 
conclude that the element above is contained in M[v{—ti, si)u], and hence f (— ti, si)u 7^ 0. 
However, since ti < si, this contradicts the assumption that u is a singular vector. Thus 
we obtain t = for all 1 < t < s < p, thereby completing the proof of Claim [21 

By Claim [21 we may assume that the singular vector u G W''^ is of the form: 
u = w(xa) + ^ as,tty(x^'*) + ^ /3xit'(x) 

l<t<s<p xG5' 

with as^t G C for 1 < t < s < p, and /5x G C for x G S', where x^'* is the element of S^^ 
such that 

^(xf ) = v{-s, -sr''v{-t, -tr-'v{-s, -tf n ^(-^' -^^y^'^ ^ 

l<q<p, q^t, s 

and S' := 5^^^ \ {xa, xf | 1 < t < s < p}. 

Claim 3. (1) We have as,t = —t^s for every 1 < t < s < p. 
(2) For every 1 < s < p, 

i/,(r + 2z/, -2) + J2 "M+ «M = 0- 

l<i<s-l s+l<t<p 

Proof of Claiml^ (1) Fix 1 < t < s < p. We can easily check by using (15. ip that if the 
set M[v{—t, s)w(x)] with x G S^^ contains 

wi := v{-s, -sy^-'^v{-s, -t) Yl v{-q, -qY'l, 

l<q<p, q^s 

then X = Xa or X = x^'*. By simple computation, along with (15. ip . we get 

v{—t, s)w{xx) = 2i'sSWi, v{—t, s)w(x^'*) = 2swi + (other term). 

Because f (— t, s)w = by assumption, it follows that 2z/sS + 2sas,t = 0, and hence 
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(2) Fix 1 < s < p. We can easily check by using fl2.5p . (15.11) . and (15.21) that if the set 
B[t>(s, s)w(x)] with X G S^^ contains 

l<q<p, q^s 

then X = Xa, or x = x^'* for l<t<s — 1, orx = x^'^ for s + 1 < t < p. We see from 
Lemma 15.31 that 

f (s, s)w{y.\) = 2s^Us{r + 2us — 2)w2- 
Also it follows from (15. 2p that for each 1 < t < s — 1, 

v{s, s)w(xf ) = 2sXiv{s, -t)v{-s, -t)v{-s, -sY'^^l 

+ 2sXiv{-s, -t)v{s, -t)v{-s, -sY'-^l 

+ 2sXiv{-s, -tfv{s, s)v{-s, -sY^-^l. (5.4) 

Here, for simplicity of notation, we set 

Xi:= n v{-q,-qr^v{-t,-tr-\ 

l<g<p, qy^t, s 

The second and third terms of the right-hand side of (15. 4p do not contribute the coefficient 
of W2 since they contain v{—s, —t). Also, the first term is: 

2sXiv{s, -t)v{-s, -t)v{-s, -sY'-^l 

= 2s^Xiv{-t, -t) v{-s, -sY^'^l + (other term). 

Thus we obtain 

v{s, s)w(x^'*) = 23^ W2 + (other terms) 
for 1 < t < s — 1. Similarly, we can show that 



s, s)w{^-^) = 2s^W2 + (other terms) 



for s + 1 < t < j9. Because v{p, p)u = by assumption, we obtain 

2s\{r + 2u,-2) + 2s^ ^ «M + 2s' Yl = 0, 

l<t<s-l s+l<t<p 

and hence the equation of part (2). Thus we have proved Claim El 

Combining the equations in ClaimOwith s = p, we obtain z/p(r+2z/p— 2) — (p— l)z/p = 0, 
and hence that 

r + 2up-l-p = 0. (5.5) 

However, this is a contradiction, since r is assumed not to be an integer. This completes 
the proof of Proposition 15.11 □ 
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Remark 5.4. For later use, let us show the following assertion: Keep the notation in the 
proof of Proposition 15.11 above. Then, ui = 1^2 = ■ ■ ■ = I'p. Indeed, by the equations of 
Claim [3l we see that Ug^r + 2us — 2) — (s — l)us — Ug^i — ■ ■ • — i/p = for every 1 < s < p. 
Therefore, 

{fs - i^s+i){r + 2z/s+i - s - 1 + 2z/s) 

= l^Vs{r + 2z/s - 2) - (s - l)vs - i^s+i i^pj 

- ^Vs+i{r + 2vs+i - 2) - svs+i - i^p} 

= 

for every 1 < s < p — 1. Using this equation and fl5.5p . we can show by descending 
induction that Ug = i/g+i for all 1 < g < p — 1, and hence I'l = 1^2 = ■ ■ ■ = i^p- 

6 Reducibility of M^^^ for r G Z. 

6.1 Notation and proposition. For each p G Z>o, let Vp be the following matrix of 
size p with entries in 8^^: 

Since xy = yx for all x, y G , we can consider the determinant det Vp of the matrix 
Vp; 

detVp= sgn((T) Yl ^(-9) -(^(q)), 

where &p denotes the symmetric group of degree p, and sgn(cr) denotes the signature of 
a permutation a G &p. In this subsection, we show the following proposition. 

Proposition 6.1. Assume that r G Z. Let v G Z>i and p G Z>i he positive integers 
satisfying the relation r = l — 2v + p. Then, (det Vp)'^l is a singular vector of Mr-^\ that 
is, f (m, 'n,)(det Vp)^l = for all m, n G X with m + n > 0. Therefore the Ci^^ -module 
Mr^^ is reducible. 

Theorem 12.61 follows immediately from Propositions 13. 11 13. 4[ 14.11 15. and l6.1l (see also 
the comment after Theorem 12. 6p . 

6.2 Proof of Proposition 16.11 Let us first show the following lemmas. 
Lemma 6.2. Let m G Z with 1 < m < p, and n G Z>o with m ^ n. Then, 

[f(-m, n), det Vp] = 0. (6.1) 
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of the matrix Vp with 



i<t<p 



Proof. lfn> p+1 orra = 0, then the assertion is obvious, since [v{—m, n), v{—s, —t)]r = 
for all 1 < s, t < p. Assume that 1 < n < p. It can be seen from (15. ip that 
[v{—m, n), v{—s,—t)]r is equal to 0, or is contained in B^}\ up to a scalar multiple. 
Since ad a; is a derivation on U{Ci^^) for x G we deduce that 

[v{-m, n), det Vp] = det Wi + det W2 H h det Wp, 

where W^, 1 < s < p, is the matrix obtained by replacing the s-th row {v{—s, — t))i<t<p 

[v{-m, n), v{-s, -t)]r) 

' If 

It follows from (15. ip that if s 7^ n, then 

\\v{-m, n), v{-s, -t)]r) = (0, . . . , 0, nv{-s, -m), 0, . . . , O), 
V / i<t<p 

where nv{—s, — m) is placed at the n-th entry. Also, it follows from (15.10 that 
(^[v{-m, n), v{-n, " ^ {v{-m, -^))i<i<p 

the m-th row of W„ 

= (0, 0, nv{-n, -m), 0, O), 

where nv{—n,—m) is placed at the n-th entry. Thus, [v{—m, n), detVp] = ndetV^, 
where is the matrix obtained by replacing the n-th column {v{—s, —n))i<s<p of the 
matrix Vp with {v{—s, —m))i<s<p (i-e., the m-th column of Vp). Because the n-th and 
m-th columns of V^ are equal, we get det V^ = 0, thereby completing the proof of the 
lemma. □ 

Lemma 6.3. Let 1 < m < p, and assume that u E M^"^^ satisfies the conditions that 
v{—t, m)u = for all 1 < t < p with t ^ m, and v{—m, m)u = amu for some a G C. 
Then we have 

f(m, m)(det Vp)u = 2m^(2a + r -p + 1) det(V^™'^)M + (det Vp)f(m, m)u, 

where Vp™'' is the matrix obtained by removing the m-th row and the m-th column from 
the matrix Vp. 

Proof. We set 6p™i := {o" G &p \ a{m) = m}, which is a subgroup of &p isomorphic to 
the symmetric group &p-i of degree p — 1. Let 

^(m) {m,t)\l<t<p with t ^ m} 
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be a complete set of the representatives for the quotient where (m, t) G &p 

denotes the transposition interchanging m and t. Decompose &p as: ©p = U pM"^) tR^"^\ 
with tR^"^'^ := {r, r ■ (m, t) \ 1 <t < p with t 7^ m}. Then we have 

v{m, m)(detVp)'U = [v{m, m), detVp]M + (detVp)t'(m, 'm)u 



t>(m, m), JJ^ ?^(— — cr(s)) 

l<s<p 



u+ (detVp)t>(m, m)u. 



If r G then we see, using f l2.5p . fl5.2p . and the assumption on u, that 



t>(m, m), JJ^ v{—s, —t{s)) 

l<s<p 



u 



Y\ ^{—s, — t(s)) > [v{m, m), t>(— m, — m)]M 



(6,2) 



n 

. l<s<p, sj^m 



"(s)) > |4mf (— m, m) + 2rm^} 



u 



= 2m^{2a + r) JJ t;(-s, -r(s))M. 

l<s<p, s^m 

Assume that a = t ■ [m, t) G ri?('^) with r G ©J^'^i and 1 < t < p with t ^ m; note that 
cr~-^(m) = t, and cr(s) = r(s) for 1 < s < p with s ^ m, t. Then, 



v{m, m), Y\ — cr(s)) 

l<s<p 



v{m, m), f (— CT ""^(m), —m)v{—m, —a(m)) 



u 



JJ^ ^^(— s, — t(s)) > t>(m, m), f(— t, — m)t>(— m, — 'r(t)) 

. l<s<p, s^m, t 



U. 



Using (15. ip . fl5.2p . and the assumption for u (note that r(t) 7^ m and t m), we deduce 
that 

v{m, m), v(—t, —Tn)v{—m, —T{t)) u = 2m'^v{—t, —T{t))u. 
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Thus, 



V 



(m, m), I I v{—s, — cr(s)) u = 2m? II t>( 



s, -r(s))M. 




Therefore, for each r G © 



p— 1' 



sgn(o") t>(m, m), JJ^ f( 



S, — Cr(s)) M 



<^ (2a + r) sgn(r) + ^ sgn(r • (1, t)) I JJ t;( 



s, -r(s))M 




2m^(2a + r — j9 + 1) sgn(r) TT v{—s,—t{s))u. 



Combining this equation and equation (16. 2p . we see that 

f (m, m)(det Vp) m = 2m^(2a + r -p+l) det(V^™))M + (det Vp)t;(m, m)u, 



Proof of Proposition ^ . 1[ It is obvious that (det Vp)^l is a nonzero homogeneous element, 
and (det \pYl ^ CI. Let m, n G Z be such that m <n and m + > 0; note that n>l. 
If n > p + 1, then f (m, n)(det Vp)'^l = since the weight of f (m, n)(det Vp)'^l = is 
not contained in Q^^ (see (I4.4p ). Let us consider the case that 1 < n < p. 

Case 1. Assume that 1 < n < p and —n < m < 0. It follows from Lemma [6.21 that 
[t>(m, n), det Vp] = 0. Hence 

v{m, n)(detVp)'^l = (det Vp)^t;(m, n)l = 0. 

Case 2. Assume that 1 < n < p and m = 0. By direct computation, we see that 
f (0, n) = {p + l)^^[v{n, p + 1), v{—p — 1, 0)]r. As mentioned above, we have v{n, p + 
l)(det Vp)''l = 0. Also, since [f (-s, -t), v{-p-l, 0)]^ = for all 1 < s, t < p, it follows 
that [f(— p — 1, 0), det Vp] = 0, and hence that v{—p — 1, 0)(det Vp)''l = as above. 
Thus we get t;(0, n)(det Vp)^l = 0. 

Case 3. Assume that 1 < n < p and 1 < m < n. First let us consider the case that 
m = n. Namely, we show that v{m, m)(detVp)'^l = for all 1 < m < p. It follows 



as desired. 



□ 
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immediately from Lemma F6.2I that u = (det Vp)*^^!, ui G Z>o, satisfies the assumption of 
Lemma [6.31 with a = 2vi. Hence, by using Lemma [6.31 repeatedly, we obtain 



v{m, m)(det Vp)^l = v{m, m)(det Vp)(det Vp)^-^ 

= 2m2{4(z/- 1) + r - p+ l}(det V('"))(det Vp)'^-^ + (det Vp)f(m, m)(det Vp)'^-il 



= Am^u{2u - 1 + r -p)(det Vj,'"))(det Vp)^-^1. 

Since 2z/ — 1 + r — p = Oby assumption, we get w(m, m)(det 'VpYl = 0. 

Next, let us consider the case that m < n. By direct computation, we see that 
v{m, n) = {2m)~^[v{m, m), v{—m, n)]^. Since v{—m, n)(detVp)'^l = by Case 1, and 
since v{m, m)(det 'VpYl = by the argument above, it follows that v{m, n)(det Vp)'^l = 

0. This completes the proof of Proposition 16.11 □ 

6.3 Irreducibility of the quotient modules. Fix r G Z as above. Denote by W^^ 
the £r^''-submodule of mJ^-* generated by the singular vectors obtained in Proposition 16. 11 

1. e.. 



Proposition 6.4. A singular vector of Mr is equal to a scalar multiple of the singu- 
lar vector (det Vp)*^! for some p, u E Z>i with r = 1 — 2u + p. Therefore the Ci^^ - 
submodule Wr^^ is the maximal proper submodule of Mi^^ , and hence the quotient Ci^^ - 
module Mr^^ /Wr'^^ is irreducible. 

Proof. Let u G Mr^^ be a singular vector, and assume that the weight of u is equal to 
A G (5+'' \ {0}. By Claim[2]in the proof of Proposition 15. II and by Remark 15.41 we see that 
the weight A is of the form: 2z/ X]g=i ^-g some p > and u > 0, and that w(xa) G M[u]. 
In addition, it follows from (15. 5p that r = 2z/ — 1— p. Thus, by Proposition l6.lt (det Vp)'^l 
is a singular vector. Because w(xa) G ]B[(det Vp)'^l] by definition, there exists a G C\{0} 
such that 



Here we should remark that u — a(det Vp)''l is also a singular vector of weight A if it 
is nonzero. Therefore we deduce from (16. 3p and Claim [2] in the proof of Proposition 15.11 
that u — a(det Vp)*^! = 0, and hence u = a(det Vp)*^!. Thus we have proved the first 
assertion of the proposition. The other assertions are obvious. This completes the proof 





w(xa) ^ B[m -a(detVp)n]. 



(6.3) 



of the proposition. 



□ 
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Let Ir be the ideal of the VOA Vj (= Mr) generated by all (det VpYl for p, u e Z>i 
with r = 1 — 21/ + p. 

Corollary 6.5. The ideal Ir is the maximal proper ideal of the VOA Vj. Therefore the 
quotient VOA Vj/Ir is simple. 

Proof. It follows from Propositions 14.71 and 16.4] that Wr '.= U{Cr)wl^'^ is the maximal 
proper /^r-module of M^. Then we see by Corollary 13.61 that Wr is the maximal proper 
ideal of the VOA Vj. So, let us show that Ir = Wr. The inclusion Ir C Wr follows from 
the fact that the ideal Wr contains all (det Vp)*^! for p, u E Z>i with r = 1 — 2z/ + p. 
Thus, Ir is a proper ideal of Vj, which implies that Ir is a proper ^^-submodule of Mr 
(see the proof of Proposition 13. 4p . Since Ir contains all (det Vp)''l for p, z/ G Z>i with 
r = 1 — 2z/ + p, it can be easily seen from the definition of Wr that Ir D Wr. Thus we get 
Ir = Wr , thereby completing the proof of the corollary. □ 
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